Propagation of large-wavevector bulk plasmonic waves in multilayer hyperbolic metamaterials (HMMs) with two levels of structuring is theoretically studied. It is shown that when the parameters of a subwavelength metal-dielectric multilayer ("substructure") are modulated ("superstructured") on a larger, wavelength scale, the propagation of bulk plasmon polaritons in the resulting multiscale HMM is subject to photonic band gap phenomena. A great degree of control over such plasmons can be exerted by varying the superstructure geometry. As an example, Bragg reflection and Fabry-Pérot resonances are demonstrated in multiscale HMMs with periodic superstructures. More complicated, aperiodically ordered superstructures are also considered, with fractal Cantor-like multiscale HMMs exhibiting characteristic self-similar spectral signatures in the high-k band. The multiscale HMM concept is shown to be a promising platform for using high-k bulk plasmonic waves as a new kind of information carriers, which can be used in far-field subwavelength imaging and plasmonic communication.
INTRODUCTION
Metamaterials have attracted a great scientific interest during the last decade because optical materials with properties rare or absent in nature can be artificially engineered. Notable examples include media with negative refraction, 1 giant optical activity, 2 or hyperbolic dispersion relation in so-called "indefinite media,". [3] [4] [5] [6] The latter are a special case of extreme anisotropy where components of the diagonalized permittivity tensor have opposite signs (e.g. ε = diag(ε x , ε y , ε z ) with ε x = ε y < 0, ε z > 0 for uniaxial anisotropic media). This causes the change of sign in the dispersion relation, ω 2 /c 2 = k 2 x /ε z + k 2 y /ε z + k 2 z /ε x,y , changing it from a conventional elliptical form to the "exotic" hyperbolic form (see Fig. 1a-b ). In the idealization that such a dispersion relation holds for all wavevectors, the isofrequency surface in the dispersion relation becomes unbounded (Fig. 1b) . As a result, waves with very large wave vectors (k 2 ≫ ε x,y,z ω 2 /c 2 ), which would normally be evanescent in any isotropic medium, can become propagating. Information carried by these "high-k modes" with anomalously small wavelength 2π/k can be used for far-field subwavelength imaging in the recently proposed concept of a hyperlens. 7 In addition, a multitude of high-k modes greatly increases the photonic density of states (DOS), bring about a variety of new physical effects including broadband spontaneous emission enhancement, 8, 9 anomalous heat transfer beyond the Stefan-Boltzmann limit, 10 and optical "tabletop simulation platform" for space-time phenomena such as metric signature transitions. 11, 12 Practical realization of indefinite media have also been successful in the past few years in the form of hyperbolic metamaterials (HMMs), which are highly anisotropic, subwavelength metal-dielectric composites. Two geometries of HMMs have been preferred so far due to their simplicity in both modeling and fabrication, namely, metallic nanorod arrays embedded in a dielectric host [13] [14] [15] and metal-dielectric multilayers. 8, 9 In both cases, the behavior expected for indefinite media was experimentally demonstrated. 8, 14 Even though the finite size of the structure elements (rods or layers) puts an upper limit on the wave vector of high-k propagating modes, 8, 16, 17 their existence in HMMs, has clearly been demonstrated. 18, 19 Since these waves underlie the operation of a hyperlens and are crucial to other exotic physical Figure 1 . Dispersion relation of (a) a conventional anisotropic medium (ε x,y,z > 0) with ellipsoidal isofrequency surface and (b) an indefinite medium (ε x,y < 0 and ε z > 0) with hyperboloidal isofrequency surface. (c) Schematic illustration of a metal-dielectric multilayer made to resemble an indefinite medium (a hyperbolic metamaterial) with wave vector decomposition k = wẑ + κx used in this paper (schematic in that both w and k = |k| can be complex).
properties of HMMs, it is very important to understand their physical nature and investigate the possible means to control their excitation and propagation in HMMs.
As regards the physical nature, the metal-dielectric composition of HMMs makes one strongly believe that high-k modes are plasmonic in nature. Even though the direct mechanism of their formation is still to be fully understood, 20, 21 it is generally accepted that high-k propagating waves originate from surface plasmon excitations at individual metaldielectric boundaries. 18 Because of this, names such as multilayer plasmons, 22 Bloch plasmon polaritons, 18, 23 or volume plasmon polaritons, 19 have been used by various groups.
In order to utilize the full potential of these high-k multilayer plasmons as subwavelength information carriers for hyperlensing and other applications, one of the primary objectives is to learn how these waves can be guided and otherwise manipulated. A remarkable thing to observe is that they are bulk propagating waves, so they should be subject to the photonic band-gap (PBG) effects similar to all other kinds of propagating waves. For an idealized model of homogeneous indefinite medium, a photonic structure can be imagined by imposing a modulation of medium parameters (e.g., ε x,y and ε z ), with the PBG properties depending on the geometry of that modulation. For example, a periodic stepwise modulation such as shown in Fig. 1c is expected to act as a photonic crystal for high-k waves.
In a realistic multilayer HMM, one can similarly envisage adding a wavelength-scale "superstructure" to an HMM, which already has a subwavelength "substructure". In such multiscale HMMs, schematically shown in Fig. 1d , high-k wave propagation is expected to be affected by the superstructure just as conventional light waves are controlled in photonic crystals. Since it is known that the extent of light control in PBG structures is unprecedented owing to a free choice of geometrical parameters (e.g. periodic, coupled-cavity, quasiperiodic, fractal, or other geometries), choosing an appropriate superstructure geometry in multiscale HMMs can exert similar control over subwavelength waves and constitute the design platform for HMM-based elements capable of bulk plasmonic wave manipulation.
In this paper, we demonstrate this multiscale approach by proposing proof-of-concept designs of Bragg reflectors and a Fabry-Pérot resonators for high-k bulk plasmons in multilayer metal-dielectric HMMs. Formation of PBGs in periodic multiscale multilayers is clearly seen in the numerically calculated Fresnel reflection spectra in k-space. Breaking the periodicity in the superstructure is shown to result in cavity resonant modes. Making the structure totally non-periodic increases the degree of freecom in using PBG effects to control the dispersion properties of HMMs. In particular, fractal multiscale HMMs are found to exhibit characteristic self-similar spectral features. Besides showing that high-k waves can be directly controlled by PBG effects, the proposed approach is useful in designing HMM-based devices to engineer and probe the spontaneous emission rate of nearby atoms in the evanescent-wave domain.
The paper is organized as follows. In Section 2, we review the theoretical background on wave propagation in metaldielectric multilayer HMMs, and discuss the dispersion relation of high-k waves in such multilayers. In Section 3, we introduce the concept of multiscale HMMs and show that high-k waves can be manipulated by PBG effects. In particular, we demonstrate Bragg reflection and Fabry-Pérot resonances for high-k waves in several periodic and nonperiodic multiscale geometries, including practically realizable designs. Finally, Section 4 summarizes the paper.
BULK PLASMONIC WAVES IN MULTILAYER HYPERBOLIC METAMATERIALS
Consider a subwavelength periodic metal-dielectric multilayer, where the permittivities of dielectric and metal are ε d > 0 and 
Neglecting material absorption for now (ε ′′ m = 0), we can see that w d is real for κ < √ ε d ω/c, corresponding to propagating waves within the light cone for the dielectric layers, or purely imaginary otherwise, corresponding to evanescent waves outside the light cone. For metal layers below the plasma frequency, w m is always imaginary * .
If the layer thicknesses are subwavelength, the effective medium model is commonly used, and the entire multilayer is regarded as a homogeneous metamaterial with the permittivity tensorε eff = diag(ε x , ε y , ε z ), where
The expression for w of a p-polarized wave in such an extremely anisotropic medium is 24
If ε x < 0 and ε z > 0 (again, neglecting absorption for the moment), we see that the second term under the square root in Eq. (3) overrules the first term for large enough κ, so the entire expression under the root becomes positive. Thus, the waves change from evanescent (imaginary w) to propagating (real w) at κ = κ c defined as w eff (κ c ) = 0.
Looking at the expression of the Fresnel reflection coefficient for a boundary between a homogeneous dielectric and a medium described by the permittivity tensor in Eq. (2), 24
we see that real (rather than imaginary) w eff in the region of large κ causes R eff to acquire significant imaginary part, 25 which can be taken as a signature of the existence of propagating waves in the anisotropic medium for the corresponding values of κ.
The same correspondence can be extended to the case of real multilayers. On the one hand, the dispersion relation of propagating Bloch waves in an infinite periodic metal-dielectric multilayer can be determined from the transfer matrix method. 26 The transfer matrix of one period can be written as
where the reflection and transmission coefficients of a metal layer are given by the Airy formulas, 
with the interface coefficients for p-polarized waves simply determined by the Fresnel formulas, 
Plotting the solution of this equation in the wave vector space shows a band of propagating high-k waves for κ c < κ < κ u (Fig. 2a) where the lower band edge κ c is determined by the above mentioned condition w eff (κ c ) = 0 and coincides with the prediction of the effective medium theory, and the upper band edge
is associated with the breakdown of that approximation due to the finite layer thickness. 25 On the other hand, the reflection coefficient of a semi-infinite multilayer HMM can be determined by using the Airy formulas once again to write the expressions for transmission and reflection of a bilayer, 28
with R m and T m given by Eq. (6). Since a semi-infinite structure is not changes when its outermost period is removed, its reflection coefficient R ∞ must satisfy a quadratic equation
and can be found by solving it and disregarding an unphysical solution that correspond to growing fields inside the multilayer. 29 The imaginary part of the resulting R ∞ is plotted in Fig. 2b , noting the range where Im R ∞ = 0 is exactly κ c < κ < κ u , where propagating high-k Block waves were shown to exist. Elsewhere in the high-κ range, Im R ∞ = 0 and no propagating solutions are allowed.
Hence, we will be using the dependence Im[R(κ)] as a "footprint" providing the information about the existence of high-k waves in HMMs across all k-vectors. Even though rigorously derived for the lossless case, this criterion can be used if losses are accounted for (ε ′′ m = 0). This was shown to smear the abrupt appearance of non-zero Im R ∞ at the band edges, 25 since the sharp distinction between evanescent and propagating waves can no longer be made. Still, the general argument persists that Im R ∞ is significantly non-zero when the Bloch solutions of the dispersion equation are propagating. 
MULTISCALE HYPERBOLIC METAMATERIALS
Since high-k waves are bulk Bloch plasmonic waves with propagating character, they have to be subject to the PBG effects just as any other kind of propagating waves. A straightforward idea is to apply these PBG effects is to modulate the properties of a subwavelength multilayer HMM (in particular, the metal filling fraction ρ) on a larger length scale (Fig. 3a) .
To distinguish the two scales, we will refer to the coarser, wavelength-scale modulation as the "superstructure" consisting of several superlayers; Fig. 3a displays two kinds of such superlayers (denoted "1" and "2") with thicknesses D 1,2 and filling fraction ρ 1,2 , respectively. The finer subwavelength periodic metal-dielectric structure within each superlayer, which gives rise to HMM properties, is called the "substructure". Thus, each superlayer contans a certain number of subperiods,
twice as many sublayers.
The resulting hybrid multiscale multilayer is expected to exert the same degree of control over high-k waves as corresponding photonic multilayers control propagation of conventional electromagnetic waves. Hence, a periodic arrangement of superlayers, when the layers denoted by 1 and 2 simply alternate, should result in a band gap for high-k waves for certain values of κ for which superlayers are close to be quarter-wave (QW).
Bragg reflectors and Fabry-Pérot resonators with thick-layer superstructure
It should be kept in mind that the wavelength of high-k waves, λ ≃ 2π/k, can be rather small, so κ should not be too large for the superstructure and substructure length scales to be clearly separated. To identify the optimal HMM parameters for this regime, we determine the thickness D of a homogeneous QW layer made of the effective medium for a given κ. From Eq. (3),
The dependence of D on ρ and κ is shown in Fig. 3b . It is seen that to be able to form a PBG well into the high-κ range Therefore, the design of a Bragg reflector for high-k bulk plasmons involves choosing two values of ρ for the superlayers (e.g., ρ 1 = 0.15 and ρ 2 = 0.18), and then using Eq. (11) (Fig. 3c) .
Such structures are characterized in Fig. 4 . When the superstructure is taken to be very thick (M = 1000 periods) and the absorption losses in metal are artificially lowered to 10% of their actual value, a range of low Im R is clearly seen around the target midgap κ = 4, signifying inhibited high-k wave propagation (Fig. 4a ). This range, or stop band, widens as the modulation depth of the filling fraction ρ increases, which is characteristic of a PBG opening and confirms that high-k waves indeed undergo Bragg reflection. Figure 4b demonstrates that a lossier metal makes the band gap less pronounced, even though a gap-like feature is still observable for the actual value of losses in gold. This means that loss compensation in an HMM is likely to be needed for practical observation of Bragg reflection in the high-k range. Such compensation was recently envisaged by incorporating optical gain into HMMs. 27 Figure 4c shows that reducing the number of superperiods does not change the location of the stop band for the high-k waves but strongly modifies the propagation of such waves in the surrounding "pass band" of the high-κ range, featuring multiple band edge-like resonances.
Stacking a periodic Bragg reflector with its mirror image forms a structure with geometry 1212 . . .1221 . . . 2121 (Fig. 3d) , creating a half-wave defect or cavity ("22") in an otherwise periodic structure. By analogy with photonic multilayers, such a structure should function as a Fabry-Pérot resonator for the high-k plasmonic waves, creating a narrow band of κ ≈ κ res where the plasmon energy gets trapped in the cavity and the waves can tunnel through the structure despite the presence of a band gap. This feature should be observed as a sharp peak of Im[R(κ res )] inside the forbidden gap. Varying the thickness of the cavity layer (by adjusting the number of subperiods in it), it should be possible to vary the location of κ res across the band gap.
Such behaviour is indeed observed in Fig. 5 . The peak location is seen to shift as additional substructure periods are added to the defect layer (Fig. 5a) . This supports the conclusion that high-k waves are localized in the defect and are guided within the x-y plane. A much smaller number of periods in the superstructure compared to Fig. 4 is used in order to make the resonance peak easier to see. For a larger number of periods in the superstructure it is seen that the guided high-k waves decouple from the incident wave, making them harder to characterize or interact with (Fig. 5b) . Similar to what we can see in Fig. 4b , absorption in metal needs to be decreased or compensated: the Fabry-Pérot resonance is seen to almost vanish when the losses amount to as much as 5% of the actual losses in gold (Fig. 5c ).
Bragg reflectors with thin-layer superstructure
Although the approach of the previous section does have the advantage of an easy separation of superstructure and substructure length scales, which makes the multiscale concept easier to understand, the structures considered above have several practical inconveniences. First, very thin sublayers corresponding to d m + d d = 4 nm are very difficult to fabricate. Second, it was shown that absorption is detrimental to the PBG effects, requiring either low-loss plasmonic materials 30 loss compensation means 27 for these effects to be easily observed. Third, the above two disadvantages are worsened by the need for very thick structures totaling hundreds (if not thousands) of sublayers, which poses additional fabricational challenges and makes the detrimental influence of losses even more pronounced. As a result, thick-superlayer structures for high-k waves in multilayer HMMs can only be considered as proof-of-concept devices but are not feasible from a practical point of view.
To alleviate these fabricational challenges, we consider here the other extreme of length scale separation and analyze the structures where superlayers consist of just one subperiod (N 1 = N 2 = 1) of moderately thin metal and dielectric layers. In this regime, the subwavelength approximations will certainly fail, 25 so Eq. (11) We are also free to work with a greater contrast of ρ, e.g., ρ 1 = 0.60 and ρ 2 = 0.38. According to Fig. 3 , the operating range of wave vectors moves to the regions with higher κ ≃ 7 . . . 8ω/c. Figure 6 shows the characterization of such a multiscale HMM. We can see that a PBG for high-k waves does form around the target value of κ = 7. More importantly, it can be seen a PBG is still quite pronounced with the realistic account for the losses in gold (Fig. 6c) . Together with practically achievable values for the sublayer thicknesses and as few as several tens of superlayers, such a structure is much more promising for experimental realization.
As a downside compared to the previous approach, the gap position can no longer be smoothly tuned by varying the number of subperiods in the superstructure. Instead, doubling the number of subperiods (N 1,2 = 2) changes the layers from being quarter-wave-like to being half-wave-like. This is seen to result in band gap splitting (Fig. 7) , so the structures can be regarded as multi-gap multiscale HMMs. Aside from providing more versatility in the control over high-k wave propagation, this effect allows to push the band gap to the region with lower κ, which are easier to excite and which are more prevalent in the emission of a realistic source (finite-sized and/or located at a finite distance from the HMM 16, 31 ). 
Fractal Cantor-geometry multiscale HMM
Finally, we consider a multiscale HMM where superlayers lose their periodicity while maintaining their long-range order, i.e., an ordered non-periodic superstructure. Out of the many examples of such non-periodic geometries, 32 we will focus on a fractal Cantor-like structure, [33] [34] [35] which are known for scalable and self-similar features in their optical spectra, tightly linked to their geometry. [35] [36] [37] Specifically, we will consider the simplest middle-third Cantor sequence (Fig. 8a) , described by the inflation rules
applied to a single layer of the type 2 (the "seed") several times to form the Cantor structure of a given number of generation. This procedure yields the following sequence:
which can also be written as a recurrent relation,
which underlies its geometrical self-similarity and gives rise to self-similar features in the optical spectra (Fig. 8a) . 36 Using the substructure geometry similar to the previous cases as the building blocks for "1" and "2" in Eqs. (12)- (14), we have analyzed the fractal multiscale HMMs corresponding to the second-and third-generation structures (containing 9 and 27 superlayers, respectively). The results are shown in Fig. (8) b-c. It can be seen that characteristic scalable signatures of the Cantor spectra can be observed in the high-κ region of the wave vector space. These features are distorted compared to the traditional fractal multilayers because of the non-QW nature of the sublayers involves. Nonetheless, they are observed in a realistic structure with metal losses taken into account. So, we can expect that known relations between geometrical and optical properties in deterministic non-periodic multilayers should also be manifest in HMMs with corresponding superstructure geometry. As a result, we can make use of the extensive knowledge of PBG properties of multilayers 34 to be able to control the high-k wave propagation in multiscale HMMs.
CONCLUSIONS
To summarize, we have demonstrated that hybrid multiscale approach can be used to control high-k bulk plasmonic waves in multilayer metal-dielectric HMMs. As a proof of concept, we have proposed the design of Bragg reflectors and FabryPérot resonators for these high-k waves. The designs contain a substructure of subwavelength metal and dielectric layers, and a superstructure, which constitutes wavelength-scale variation of metal filling fraction. Band gaps and resonances for high-k waves have been demonstrated by examining the Fresnel reflection coefficient in the high-k range.
It should be noted that many of the proposed designs involve a large number of layers and/or require mechanisms to mitigate material absorption, 27 so the way from the presented proof of concept to practical realization is yet to be explored. However, our results show that high-k waves can be directly controlled by the PBG effects, which may be enabling in using high-k waves for transmitting optical signals. Moreover, using a greater variety of superstructure geometries in the proposed multiscale approach is promising in the design of HMM-based devices with predetermined k-space spectra of bulk plasmonic waves. Such devices can be used to probe and tailor light-matter interaction phenomena of nearby atoms in the evanescent-wave domain.
